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Ripplon-induced tunneling transverse to the magnetic field
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We analyze single-electron tunneling from the bound state above the surface of liquid helium. For strong
enough magnetic fields parallel to the surface, the tunneling must be accompanied by ripplon scattering. The
effective width of the tunneling barrier strongly and nonmonotonically depends on the momentum transferred
to ripplons. The escape rate is affected by Landau quantization of the states behind the barrier. The results
obtained here also apply to electrons on other cryogenic subs{rat63-18208)50444-4

Magnetic field B parallel to the two-dimensional2D) Here, A=e%(e—1)/8 is the image-force parameter, and we
electron layer can strongly suppress the probability of tunassume that helium occupies the half-spas®.
neling from the layer. This happens because the field effec- Helium is essentially impenetrable for low-energy elec-
tively adds to the potential barriéi(z) an extra term trons, and for weak electric fields the electrons reside in the
ground state of the potential well formed by the infinite wall

1 at z=0 and the image-force potential. The wave function
oU(zp,)= 5mw§22+ ®cPHZ, (1) 4(2) and the energy, of this state are given by the ex-
pressions
wherez is the tunneling directionw.=eB/m is the cyclo- ,/,9(2)2273/22 exp—vyz), Eg=—h%y22m, (3

tron frequency, angy is the component of the electron mo- 5. i o
mentum in the Hall directioB X 2. Suppression of tunneling Wherey=mA/#° is the reciprocal localization length.
has been observéd and investigated experimentdland The width of the tunneling barrier for weak electric field
theoretically for tunneling between 2D electron layers in 'S
semiconductor heterostructures, and also for tunneling out of L=|E,|/e€ (4)
a 2D electron layer on helium surfatédowever, the ob- g =t
served decrease of the tunneling current with the increasingnd we haveyL>1 (this condition is necessary for the tun-
magnetic field was smaller, and for electrons on heliumneling rate to be small
muchsmaller than what follows from calculations that omit-
ted collisions. Y, @ '
In the present paper we investigate single-electron tunnel- &
ing from 2D layers on helium. We show that, for strong % /,'
magnetic fields, the tunneling is accompanied by emission or = Yy
absorption of ripplons, capillary waves on helium surface, in

which a part of the electron momentum in the Hall direction E L {_(\\ AN
is transferred to a ripplon. As a result the magnetic battipr g AN
is reduced, and therefore the tunneling probability increases \ DS
exponentially’ . Teel
A distinctive feature of electrons on helium, which makes Egf----- ~’ \Klq(z) =
the problem of tunneling particularly interesting and differ- S wa— I
ent from what has been discussed for semiconductor hetero- 0 )
structures, is that the tunneling barrid(z) is smooth(lin- 2L
eap on its “external” side, see Fig. 1. This barrier is created
by the image force and by the applied electric fi€ldwhich FIG. 1. The effective potential enerdgy(z) +éU(z,%q) in the
pulls the electronsway from the surface. In the absence of magnetic field for zerdsolid line) and close to optima(dashed
the magnetic field line) electron momentunkq in the direction—BX 2. Transitions

between the state localized on the helium surface and the states
A behind the barrier are induced by ripplons. Inset: Landau quantiza-
_ tion of the states behind the barrier. For lafge electrons make
U(z)= et z. (2) "
z transitions to the lowest Landau level.
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Because of the smoothness 0{z) for z~L, a suffi- ﬁ2q§ e, e,
ciently strong magnetic fiel@ parallel to the surface elimi- Eng=fiow. s
. . q 2m  mo 2w
nates the states behind the overall bartiée) + 5U(z; py) ¢ ¢

with the energyE, of Ehe ground intrawell state and zero  Tq the Jowest order in the coupling to ripplons, the rate of
Hall momentumpy=0." This happens for>1, where ripplon-induced transitionsV, is given by

a=48U(L;0)/|Eg|=2mw?L/es, . (5)

n+ =

2+

2 A
, - We=—= 2 (|&I(#glVal Yng) POEg—Eng). ()
The momentum transfer from ripplons, which is analyzed n.q

in the present paper, can restore the tunneling. With account , o

taken of this transfer, the effective width of the tunneling ©Once the electron tunnels into the stafg,, it drifts in

barrier is given by the conditioh(z) + 8U(z;py) =Eg. It crossgdB andél’L fields par.allelltq the helium surface. How-

strongly and nonmonotonically depends on the transferre§Ver, In @ relatively short time it is scattered by the electrons

momentunp,, . Therefore the probability density of ripplon- localized on the surface and moves away frqm the surface.

induced transitions sharply peaks at an optimal ripplon moJ herefore the bottleneck for escape is reachlgng an external

mentum. In calculating this momentum and the transitiorState, and the overall escape rate is giverngy

rate it is necessary to allow for the Landau quantization of ~1h€ matrix element in Eq8) involves the overlap of the

the states behind the barriesee Fig. 1 two wave functionsy, a_nd nq- These functl(_)ns decay ex-
The mechanism of ripplon-induced tunneling is differentPonentially from opposite ends of the barrier, see Fig. 1.

from that of defect-induced tunneling in semiconducfors. Therefore we only need to know their tails. The tail/ef(2)

Vibrations of the helium surface result in a coordinate-for z>1/y is given by the WKB approximationy,y(2)

dependent perturbation of the boundary conditions for thé€xd—Si(z0)/%], where

electron wave function. The interaction Hamiltoniéh is )

obta!ned by_ chang_lng to var_lables+r,z—>z—§(r), where 51(Z;Q)=f dz'|p,(z';9)], (9)

&(r) is the ripplon-induced displacement of the helium sur- 2y

face [cf. Refs. 6 and 7r=(x,y) is the in-plane electron

coordinatd. To first order in&(r), andp, is the momentum in the direction as a function of

and the in-plane momentu#qy,

Hi=§ £q€'TVy(P.D,.2), §<r>=§ £, (6) PA(z:0)=2M[Eg—U(2)]— (Mwz+ha,)?—#2q))" 2

(the lower limit in the integral forS,; is set at the turning
point; it affects only the prefactor ig).
Similarly, ¢nq(z,r)cexdiqr—S,(z,q)/A ] with

with

N i . ik .
Vq(P,pz,Z)=—a(q-P)pZ— ﬁquﬁwcPX—eSL ,
Q)= | dz a)l, 10
AK,(2) s(za= [ “d7lp.z'0) 10
Here, ﬁ:(_iﬁVXJr Mmwcz,—i%V,) is the 2D electron mo- wherez,=z/(q) is the turning point on the external side of
mentum, and we chosB to be pointing in they direction the barrier defined by the conditiqgn(z ;q)=0.

(respectively, the Hall momentumpy is pointing in thex The matrix elements in E¢8) are evaluated for the wave
direction. numbers g, which satisfy the conditionEnqang. The

The first two terms in the operat()}‘q describe akine- overlap of the wave functions isyg(2)yng (z.1)
matic interaction with ripplons which is due to the curvature «exd —S(zq,)/% ], where
of the surface on which the electron wave function is set
equal to 0. The polarization interactiéy(z) is given in Ref. S(z;9,)=S1(2;0) + Sx(z; ) - 11
7. The kinematic interaction turns out to be more important
for the tunneling than the change of the potential energy due The function S (11) has a minimum, so that
to surface displacement. exfd—Szq,)/%] has a sharp peak f@=z(q,), wherez is
Even for the lowest temperatures used in the experimentdefined by|p,(z;0)|=|p.(z;q,)|. The matrix element§i.e.,
on electrons on heliurtsee Ref. § the surface displacement the integrals over) in Eq. (8) can be therefore calculated by
&r) is classical and quasistatic for typical wavelengthsthe steepest descent method andweesd —Szq,)/%].
=10"° cm. For many purposes it is an ideal zero-mean In evaluatingS(z;q,) it is convenient to scale the electron
Gaussian random field, with the correlatof| §q|2> momentuntiq by 2mé&, /B and introduce the respective di-
=kgT/Soq?, whereo is the surface tension ar®lis the area mensionless momentum compon@ntransverse to the mag-
of the system. netic field and the dimensionless kinetic ener@y-Q,
The electron-ripplon interactiof6) gives rise to mixing =(BZ/2m£f)ﬁ2q§/2m of the motion along the magnetic
of the intrawell stat¢3) and the external states on the oppo-field in thenth Landau band?7),
site side of the barrier, as shown in Fig. 1. Fdr>1, the
wave functionsi,q(2z) of the external states are to a good Q=—(AB/2m&, )ay, Q,=(2n+1)/4G+Qy,
approximation eigenfunctions of an electron in crossed elec-
tric and magnetic field§, andB, with energies Qu=(a—1)/4, G=2a"3%L. (12)
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Here,Q, is the minimal value ofQ«q, in thenth band. It is Y [

given by the conditiorEnqx= Ey. The quantityQ, is the |B T .

value of Q for which the bottom of the potential well o

—e& z+6U(z;%qy) behind the barrier in Fig. 1 lies at the — ~

energyE, of the localized state on the helium surface.
For yL> 1, the expression fd8 (11) can be simplified by

noticing that, for characteristz>1/vy, the image-force term '

—A/z in the electron energy?) is small. ThenS(z;q,) -~
=AGR(Q,Q,), where I \
R(Q,Qu) = Q[4Qy + (Q~Qn/Q)?2- 2Qyin (a2 :
—1)/t_]1+2(Qp—Qp)IN[2(Qy— Q) At ]
+a'?2,

-12
InC

1-13

FIG. 2. Comparison of the tunneling ratee 1) and the rat&v,
(15, (16) of ripplon-induced escapdline 2) for yL=15, T
=0.04 K (W is the escape rate scaled by the tunneling rateBfor
=0). Inset: the effective actiolh=7R(a)—R(0) and the scaled
prefactorC in W, as a function of the scaled magnetic fietd
=hyw./e, .

t-=Q+Q,/Q+[(Q—-Qn/Q)*+4Q,]"~ (13
The major contribution to the escape raté (8) comes

from the range ofg,,n, where the functionR(Q,Q,) is

close to its minimum. We will first assume that one can

change from the sum over to the integral ove, . The The prefactorC in the escape rate can be conveniently
integrals oveQ andQy in Eq. (8) may notbe independently Wgtten in the form of a product of the prefactor in the tun-

evaluated by the steepest descent method, because of the . . ~
constraintQ—Qnocﬁzqf,IZmBO. For a giverQ, R(Q,Q,) is neling rate forB=0 and a dimensionless parametr
monotonically decreasinwith the increasind,, (i.e., with
the decreasingg) in the allowed rang®,<Q. ThereforeR
is minimal for Q=Q,,. The position of the minimun® is
given by the equation,

C=[hy?*m exp2)]C,

C=2kTy2Q(Q%-2Q+ a)™ac(R")¥2 (16)

dR(Q,Q)/dQ=0.

Equations(13) and(14) result in a simple algebraic equa-
tion for Q. By solving it one finds tha@ varies from 0.2
for <1 to «/4 for a>1. This shows that the optimal mo-
mentum transferred by ripplorigq,| and the extreme point

Z=2LQ/a where the ripplon scattering “occurs” remain
close to half the characteristic Hall moment@BL and the
midpointL/2 of theB=0 barrier, respectively. This justifies

the neglect of image forces in E@L3). exp(—a/2) for large a], and eventually becomes small. In
In calculating the integral ovegy in Eq. (8) for Q,Q,  this case the Landau quantization behind the barrier should

close toQ one should keep only the linear term in the ex- become substantiégee Fig. 1 Since the energy of the final

pansion ofR in Q—Q,. It follows from Eqgs.(11)—(13) that  stateE, is equal toE,, one might expect that the transition

the characteristidQ —Q,, which contribute to the integral rate would display Shubnikov—de Haas-type oscillations

overq arex(yL) L. The characteristiéQ,— Q| (yL)~¥2  With B each time the bottom of a Landau band crodsgs

are much larger where the sum ovein (8) can be replaced However, this does not happen. The physical reason is that

by an integral. Evaluating the integral ov@y, by the steep- the positions of the Landau band® depend on the trans-
est descent method, we obtain ferred momentunt g, , which is adjusted so as to maximize

the escape rate.

For large a, escape is accompanied by the momentum
transfer~Qy, in dimensionless units. The functidd is sin-
gular atQ,. ForQ—Qp, Q,—Qp<€l anda>1

(149 whereR"=d?R(Q,Q)/dQ?. We note that, in the range of
interest whereyr=1, the prefactor is determined by the kine-
matic terms in Eq(6). The corrections from other terms are
~1/yL.

For a=<1, the electron is scattered by ripplons into highly
excited Landau bands behind the barrier, with the band num-

ber n~G(6—Qb). (We note that the steepest descent
method applies provided>1/yL.)
With the increasingx the characteristion decrease$as

W,=C ex — yLR(@)], R(a)=4a"R(Q,Q),
(15

for a>1.

2 o
1+—{1+21In —)
o 4

Nl 1/2
Rla)= g R(Q,Qn)~R(Qs.Qp) + (+3)(Q—Qp)/2—(Q,

—Qp)In[ea?/16(Qn— Qp)]. 17

The functionR(«) is shown in Fig. 2. It gives thexpo-
nentin the rate of ripplon-induced escape as a function of the

magnetic field ¢<B?) and monotonically increases with
For small fields,a<1, R=R(0)=4/3, andyLR coincides

with the exponent of the rate of tunneling without ripplons

for B=0.

It follows from Eqs.(14) and(17) that the characteristic
is determined by the parameter
yL>al?>1,

B=ayL exp(— al2), (18)



RAPID COMMUNICATIONS

PRB 58 RIPPLON-INDUCED TUNNELING TRANSVERSE TO TH . .. R10 217

which depends omx exponentially stronglyFor 8>1, even  weak, and therefore the crossover from the tunneling without
though« is large, the escape rate is dominated by the tranripplons to the ripplon-induced one occurs fevery close
sitions to highly excited Landau bands, & is then given to 1. The dependence of the expon&iton the magnetic
by Eq. (15). field is comparatively weak foaw~ 1, in contrast to the ex-
For 8~ 1, one cannot replace the sum ovein Eq.(8) by  tremely steep dependence of the tunneling rate without rip-
an integral. The escape rate is then a sum of “partial” escap@|ons, which is a signature of the mechanism we have dis-
rates to different Landau bands behind the barrier, cussed. The specific dependence of the expondrR
«B/£? on the fieldsB,&, for >1 may be used to identify
W,=C[R”/47TG]1’22 exd —2GR(Q,,Q,]. (190  the mechanism under consideration experimentally. We note
" that the existing dafarefer to the ranger<<1 where ripplons
When <1, the major contribution to the escape rate  essentially do not affect the escape rate.
(19 comes from the transitions to the lowest Landau band It follows from the above analysis that ripplon scattering
n=0, and only the term wittm=0 should be retained in Eg. eliminates magnetic-field-induced localization of electrons in
(19). the smooth potential barrier on helium surface. An interest-
The prefactor in(19) has been obtained in the WKB ap- ing feature of tunneling through a smooth barrier is that, for
proximation for the functions/,q. For smalln, one should  strong magnetic fields, quantization of electron states behind
allow for an extran-dependent factor in,,, which is nu-  the barrier becomes substantial. The results apply directly to
merically close to 1. In particular, fon=0 it is equal to  electrons localized on other cryogenic surfaces, including
(wl/e)™. Interestingly, with account taken of this factor 34e and liquid and solid neon and hydrogen. We note that,
(squaredi Eq. (19) for B<1 goes ovelinto Eq. (15 of the  for electrons on solid substrates, the scattering will be due to
steepest descent method. This behavior resembles some gyface defects, in which case the scattering rate is higher,

sults of the instanton theorfcf. Ref. 10. Overall, in the  5nq the crossover to scattering-induced tunneling will occur
whole range of3, the sum(19) is well approximated by Eq. for smallera.

(15).
Numerical results on the ripplon-induced escape rate are We acknowledge support from the NSF through Grant
shown in Fig. 2. The electron-ripplon interaction is very No. PHY-9722057.
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